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We present ten assorted problems which have arisen in the attempt to understand the 
Z-statistic, a statistic on words which plays a crucial role in the proof of Andrews’ q-Dyson 
conjecture. 
1. 
There exist two essentially similar proofs of Andrews’ q- yson conjecture 
[2, 131: 
(1.1) 
where [x7 denotes the coefficients of xcy in the expression that follows and 
(q)a = (1 - q)(l -_ q*) l l l (1 - 4”). Both of these proofs rely on showing that both 
sides of Eq. (1.1) are generating functions for a certain statistic on words which 
was introduced by Doron Zeilberger and which we call the Z-statistic. 
Equation (1.1) can be viewed as finding the constant erm in the product over 
elements of the root system A,,_) = {k(ei - ei) 1 1 G i < j s n} of products involv- 
ing formal exponentials in these roots. Macdonald [9] and rris [lo] have 
conjectured generalizations of Eq. (1.1) to products over ot root systems. 
Some of these conjectures have now been proved using a q-analog of Selberg’s 
multi-dimensional beta integral (see Habsieger [6, 71, 
[12]), but the vast majority are still open. If one att 
proofs of Eq. (1.1) into this more general setting, 
blocks becomes our very limited knowledge of the 
‘Ihis paper is a ollection of observations and q 
connection with t 
2. 
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exactly ai times. The cardinality of this set is the multinomial coefficient 
al+=-+a, 
. 
aI, . l . ) 4 
Given o E M(a,, . . . , a,,), we let mi denote the ith letter of O, lwli = ai be the 
number of occurrences of the letter i in o, A(W) = al + l l l + a,, be the length of 
0. If all ai are positive, we associate to o a permutation U E G,, defined by 
J&(f) = %,+.*.+a,, 
Jt,(j) = q+...+a,--I(j)9 
(2* 1) 
where t(j) is the smallest positive integer such that o,,+...+,~-~(~) is not an element 
of (JG,(i) I 1 s i <j}. Thus, for example, if w is 12542334, then zU is 
which will be more simply written as 
43251. 
There are several well-known mappings from M(al, . . . , a,) to f+l. Two of 
the best tinderstood are the Major Index: 
where &A) = 1 if A is true and 0 otherwise, and the Inversion Number 
(2 2) . 
The Z-statistic is defined by letting Wij be the subword of i’s and j’s in o and 
then setting 
Z(w)=Cn\nAJ(~ij), l~i<j<n. (2.3) 
Example. Let m = 241 3314~ M(2, 2, 2, 3, 
INV(o) = 10 
AJ(~)=2+6=8 
Z(m) = (4114) + MAJ(2424) 
=4-t3+1+2+O+l=ll 
t is a curious phenomenon that 
4 
INWo) = c 4 MAP(o) 
UEM tOEM 
= 
ueM 
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A proof that the q-multinomial coefficient of t e last line is the generating 
function for the Inversion Number ca ere exist at 
least two distinct known bijections on 
MAJ(o) = INV(po) (2 9 . 
(see Foata [3], Rawlings [ll]). This suggests he following problem. 
Problem 1. Find a bijection p : 
such that either 
which we shall call an involution on 
INV(w) = Z@), or 
MAJ(0) = Z(pw). 
Partial progress has been made on this problem by Greene [S] who has 
effectively given an involution p on pairs (w, n) where w G and 3t is a partition 
into at most al + a2 + l l l + an parts such that 
where Ial is the sum of the parts in z This implies that the Major Index and the 
Z-statistic have the same generating function, and in fact the Garsia- 
involution principle [4] can be applied here to produce an involution with 
MAJ(w) = Z(pw). But this involution on M is computationally impractical even 
on short words and has not yet revealed anything about how the structural 
constants of the Z-statistic are carried over. 
Three possible approaches to solving Problem 1 are given in the next three 
sections- 
3. The first approach 
The first known involution satisfying Eq. (2.5) 133 is based on the following 
recursion for the generating function: 
t follows from the definition of t version 
(3 2 . 
j>i 
and therefore the ge ctio S8 e 
4 
WV(w) = f&+1+ “‘9Un INV(o) . 3.3 
weM(al,...,an) i wfzM(aI ,..., q-1. . . . . a,) 
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f an involution, say can be found such that 
J(k) = (fw4) + c ldj9 (3 4) . 
j>i 
p can be built up by induction on the length of o, where p is the identity 
map if A(o) = 1 or 2. We do have that 
AJ(wi) = MAJ(m) + L(w) l x&(l) > i), (3 5) . 
and thus 8i must satisfy 
C lOlj9 if nJ1) > i, 
J( Oi( I))) = MAJ( a) + jGi (3 6) . 
- C IWlj, if zU(l) Gi. 
j>i 
ut by our induction hypothesis, we know p for words of length A(o), and thus it 
IS sufficient to find pi such that 
1°lj, if jt,(l) >i, 
INV(pi(o)) = INV(o) + (3 7) c l 
IOlj, if JG,(l) Si. 
Such a pi is easily described. We create a new position to the left of the word. 
If 36,(l) > i, then we fix the positions of those letters si and, working from left to 
right, move each letter >i to the open space on its left. For example, if i = 2, then 
-13244213 
becomes 
ifi Lb 
31424321_. 
f ~~(1) 6 i, then we fix the positions of those letters >i and move the remainder 
to the left. C’ontinuing the example above, 
-31424321 
i L I 
13242431_. becomes 
f we now define 
p(oi) = Pip(O) l i, (3 8) . 
then 
(l%P(0) l 9 = NV(@ip(o)) + C Ipip(o)lj 
j>i 
I I 0 j, nJl)>i 
+ C 1°lj 
Imlj9 q(l) G i j>i 
>i . 
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‘lo mimic this proof for the Z-statistic, we observe t
Z(d) = Z(m) + (Idi + blj). 
Jr,-‘(j)tlr,-‘(i) 
roblem 1 can be reduced to 
41 
(3.10) 
Problem 2. Find an involution 8i OII such that 
Z(e,(w)) = Z(0) - c 14, + z M* (3.11) 
j>i j>i 
n,‘(j)>n;qi) Jr,-‘(j)cn~‘(i) 
If such a 8i can be four d for 1 e i s n, then p can be built up inductively by 
p(d) = pOi(tO) l i. (3.12) 
The idea here is to use the identity 
[ 
a1 + --+a, al+---+a,+1 
aI,. . . , a, 1 1 = al,. . . , a,4 I[ aI+---+a, . 1 al + l l l +an+ a, ’
and do induction ot on the length of o ut on the number of distinct 
(see Rawlings [ll]). 
If we are to find an involution p oh satisfying 
MAJ(u,) = INV(p(o)), 
we need to define p when at is two and t find bi ject Ions: 
such that 
INV(p,(o’, 0”)) = INV(up’) + 
MAJ(p*(o’, 0”) = 
(4.1) 
letters in 0 
If we let ~6’ denote the projection on the 
1 s i, j 6 2, and if p is defined on wor 
o has n distinct letters, then we can 
co-ordinate of the inverse of pi, 
an n distinct letters, 
PW = PI(PPYh PPiw, 
and it follows that 
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If o has two distinct letters, say 0 and 1) then p is defined as follows. We shall 
create a non-decreasing sequence of non-negative integers, C&i, 1 G i s @Il. 
remove a 1 from cc), that 1 chosen so that its removal results in the smallest 
possible drop in the ajor Index. Such a 1 is uniquely dete 
sequences of consecuti l’s in o. We let a1 be the amount he 
decreases. continue in this manner, each time removing from the word that 
remains that 1 which yields the smallest drop in the Major Index and then 
encoding this drop as Cui. It follows that 
(4.7) 
(4 8) . 
We now reinsert he l’s SO that the ith 1 is followed by Cui 0’s. The Inversion 
Number of the resulting word is the sum of the Cui and thus the Major Index of 
the original word. It is readily verified that this is invertible. 
For pl and p2 where o’ is a word in the it - 1 letters 1 through n - 1 and O” is 
a word in two letters, we first encode &’ as a non-decreasing sequence of a,, 
nonnegative integers less than or equal u1 + l l l + Q,_ 1 and then insert n’s into 
o’ exactly as we inserted l’s into the string of 0’s. 
The Z-statistic on words of 2 distinct letters is the Major Index, and so getting 
star!ed is easy. The difficulty arises at the analog of Eq. (4.4). 
Problem 3. Find a bijection 
p:M(al, . . . , a,_,) x (Q,+--+a,_,,a,)-,M(al,...,a,) 
such that 
art of the reason for the difficulty in solving Problems 2 and 3 is that neither 
Eq. (3.1) nor (4.1) enters into the derivation of the generating function for the 
Z-statistic. The relevant identity is the following where for o E G,,, I( Q) is the 
inversion set of 0, I(a) = {(k, j) 1 i Cj, a-‘(i) E a-‘(j)). 
[ 
al+-+a, 
1 
= 4 
Z’a, (4) aI+ ---+0, 
al,. . e, a, UEG, (9) 
(1 _ q49(i)+--*+an(r))- 1, 
al _I... (4) an-l i=l 
where C’ is the sum over all pairs (i, j) E I(o). (5-l) 
roof for the generating function for the Z-statistic given in [13] proceeds 
43 
fact, Eq. (5.2) plays a key role at several stages of the proof of Eq. (1.1) 
a so a useful bij n satisfying Z(o) = I (pa) should provide specific 
information on what 
Problem 4. Find a partition of 
We, . . . p an) = U 
UEG, 
such that 
c 4 WV(o) = tFq (4) *I+ --+a, (1 _ q*~(~)+--+*~(i~~-l~ 
OEM, (4) *I -I... (4) an-l i=l (5 3) 
e 
Equations (5.1) and (5.2) suggest other problems. 
Problem 5. Let n(cl, . . . , C&I) = Z(W) be the subword of o consisting of the 
last Ci occurrences of the letter i for each i, 1 s i < it. ~(1, . . . , l)(m) = nz. 
Given w E M(cI, . . . , c,), is there a nice closed form for the generating function 
c z@Or) Q l 
m3U(a~,...,an) 
lr(o)=w 
It appears that closed forms exist for the generating function for at least some 
choices of the Ci other than all Ci are 1. 
In the iimt as q approaches 1, Eq. (5.1) becomes 
uz 
n 
.$ (l + (aO(l)+~~~+U~(i-~,)~aU(i)~~l = lm -= 64) 
this can be restated in the language of formal exponentials, es where cy is an 
n-dimensional vector. If Q! = (ar,, . . , an), we define a(~ to be (aa,,,, . . . , ao~,~), 
and then define o to be a linear mapping of functions in the exponentials 
a(e”) = eat 
If we set Si = {ej - ei 1 1 s j C i}, then Eq. (5.4) GUI be rewritten as 
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SrlCh that ISi1 = di and 
(l+ ;s.+-i) = l*
I 
(54 
Equation (5.5) gives an affirmative answer for R = A,+ Equation (5.6) also 
holds for R = Cn with Sn+i-l = {Zei, ei k ei 1 i <j 6 n}, R = B2 with Si = {ei, ei & 
eiIlSj<i}andR = & or & with S’ = {en+ + (-l)‘ei, e,_i+l + (-l)‘ek 1 n - i < 
jsn,, n-i+l<ksn}, for l~i<n, s,={e,+(-l)“ek(I<k~n}. Thus the 
answer to problem 6 appears to be yes.’ 
Problem 7. What is the analog of Eq. (5.1) for other root systems? 
In generalizing the proof of Eq. (1.1) in [2], the following generalization of the 
Z-statistic arose+ Let T be tournament or complete directed graph on n vertices, 
Tc{(i,j)Il~i,j~n}and(i,j)ETifandonlyif(j,i)$T. If(i,j)ET, thenthe 
edge will be directed from i to j. 
Given a word o’ in 2 letters, say i and j, we define 
MAJij(0') = C tx(W: = j, W;+* = i). 
t 
6.1) 
We note that in general MAj&w) # Mkl,,(o). Letting Oij denote the subword of 
o which consists of the i’s and j’s in CO, we define the tournamented ajor Index 
to be 
J=(O) = 2 MAJg(w,). (6.2) 
(i,j)E T
Thus if T = {(1,2), (%,3), (3, 1)) and o is 133212 then 
TW = AJ&322) + MA&*( 1331) 
=2+2+1=5. (6.3) 
e note that 
Z(0) = Aj*(W) where T = {(i, ,b 1 lSi<jGn}. 
similarly define a tournamented inversion number 
W-4) 
7-w = NVij(mijl 
(i,j)E T 
(6 5) . 
1 
e following comment: ‘problem 6 seems to have a negative 
answer, at least for G2, as can be easily checked by trying all six possible partitions*. 
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reif O’isawo e 2 letters i an 
We note that the tournamented ajor Indices and 
have the same generating function. Let T = {(1,2), (2, 
2 qMAJl(o) = Q + 67) 
fwM(1,2,1) 
while 
c !I rNVr(o) =q+5q2+5q3+q4. 
odf(1,2,1) 
(6 8) . 
They do, however, have some common features. If T is transitive (i.e. co 
no cycles) then it corresponds to a permutation, say a, where 
(a(i), k) E T for all k, 1 s k G JZ, such that 
k $ {o(l), a(2), . . . 9 a(i)). (6.9) 
If T is transitive and corresponds to a, then 
MAJT(0) = Z(a%), 
INV,(o) = INV@-‘a), 
(6.10) 
and thus the generating function is 
[ 
u1+--*+a, 
1 
9 
al,. . . , a, 
which is invariant under permutations of the ai. If T is non-transitive, i.e. T 
contains at least one cycle, then the constant erm of the generating function for 
either MAJT or INVT is zero. 
While it is easy to see by reading words in reverse order that the generating 
function for INVT must be reciprocal, i.e. there exists an m such t 
coefficient of qi equals the coefficient of q m-i for all i, this is not so clear for the 
tournamented Major Index. 
Problem ;r. Is the generating function for 
Problmn 9. Are the generating function for T and T always al? 
Perhaps surprisingly, 
reasonably concise form. 
Q 
%(I,+ 
9 
. . ..%I 
0 
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where 
The 
“Jf the 
Given 
&(x* 9 
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z” is the sum over all pairs (i, j) E r(a, T) = {(i, j) E T 1 a-‘(i) > a-‘(j)}. 
generating function for MA& is thus the sum over all permutations 0 E G, 
right-hand side of (6.11). This can be put in slightly more concise form. 
a tournament T on it vertices we define a rational function 
. . . , xn) = FT(d by 
FT(x) = 1 if p2 equals 1 or 2, (6.12) 
FTw=q, u-xr) . ( n Xi) 
r=l -x1,-*, n i3 
(r,i)ET 
xF,,,(xl ,... ,f, ,... ?x& forna3; (6” 13) 
where T - r is the tournament obtained from T by eliminating vertex r and all 
edges incident o r. It follows from Eq. (6.11) that 
c a1 $ . 4 MAJT(o) = l ’ + an F,(q”“, . . . , qan). 
oiM(a~,...,a,) a1,..-9an 3 
(6.14) 
FT(x) has a number of curious properties: 
1. If T decomposes into two tournaments Tl and Tz such that any edge between 
a vertex in Tl and a vertex in T2 is directed toward the vertex in T2, then 
FT=FTI.FG. 
2. If T is transitive, then FT = 1. 
3. 
1, 
FT(o) = IO 
if T is transitive 
, if T is non-transitive. 
4. FT(x!, . . . , X, = 1, . . . , x,,) = FTJx~, . . o , fr, . . . , x,) 
5. If we define T” by (i, j) E TC if and only if (j, i) E T, theri 
F,(x,‘, . . . ) x,‘) = F&XI, . . . , x,). 
6. F,(q, l l . ,q)=n! 
(1 - q)“(l + q)+*)‘2 
(4) 
. 
T n 
FT(x) appears to be very complicated in general. We give two examples. If 
T = {(1,2), (2, 3), (3, l)!, then 
Fi+, b, c) = 1 - 
(1 - a)(1 - b)(l -c) -..- 
l-&c l (6.15 j 
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If T = ((193, (2, 1, (4, I), (1,3), (3,4), (2,33}, then 
F*(a, b, c, d) = l- 
(1 - a)(1 - b)(l -d) (1 - a)(1 - c)(l - d) 
l-abd - 1 -acd 
(1- a)(1 - b)(l - c)(l -d) 
1 - abed 
+ (1 - a)(1 - b)(l - c)(l - d)(l - d) 
(1 - abcd)(I - abd) 
+ (1 - a)(1 - b)(l - c)(l - d)(l - cd) 
(1 - abcd)(l - acd) l 
47 
(6.16) 
Fig. 2. 
Problem 10. Does FT(x) Bave a nice expansion as a sum over chains in the poset 
of cycles in T? 
The author thanks Dominique Foata for some helpful discussions. 
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